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pT pLt=1T
Ay /oW () dy/owW =1 ay/owW L)
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e

o12| &F — | 71x] F7t BE

Q1) BEbO o] FAE YEIN? UG 2 = WO 4 bO ol 927 /ob”) = 10|22

a(Z<yf> =d°
Q2) &% =702 JH(d, > 1)0|M? 0|2 CHALS AZtat &M £, FUHD
50 = 2% e gt
U D, S AL S £2 B A R (o MB2A L2 — yr[20jE 5O = 2O
Q3) 24 mENIT BYsERI TR (h = 01(2))? o' (2)) 7 oh(z))) 2 HIE &
D) = diag (o} (z"), ..., 0%,({))

-y)
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Fa o192 &% — Ul 7kx] =71 =EE (Q4)

Q4) BE0| n (x;,y;)0lH?

o

i< 2
L(W) =~ Zln = (y(x) —y)
=1

0|22 JiCIHEL Wi FEOICH MOt HMIE St “yoll A L27 AXE2(y(x) —v;) E Fol e

() 1= <0 pe—1)T

' 36 he=D

oL 1< .
aw® = 2= 2000 ) g = 7
i=1 =1

(6, hTD: BE jo| 2%t Mot 24ZE K 6 = a1,/070 = 2(y(x) — y) Ol A EL)
.70 — [zga ) ~Z,E,Z)], HED — [hy—l) o hgé—l)] c Rd[,lxnl AD — [552) . "55,[)] c Rdexn of| chsH
agvﬁ([) _ %Aw) DT AW = o/(z®) o (WD T AED)

EE nofel &30t AL - & g
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&l oy /ow;, & St AlLSR] eh=7t: 83

HE0ICH 2 A M e 2K 2. JTLE A Hel2 AE O3 Ul 7H| 2 - M 225!

(1) Az, HE vv“)ﬂfﬁf*aoill\‘l$51 AMHEIS MZ ARISHH SUsE HAS gHE, Q% M 5O
EotH 8 = ':““' 39 2= J&20| 3RS, OB (- 15)2 I K dls Aol = JCHE AL
(2) £HO} g AR, 5 — DOWED T 5+ By /oW ® = §O = LT o S0{7H= W, h, 2=

STIOIA 010 ALH(R) 2 2t (M2 31 DI D) = diag(o () BHLHE)

(3) MIZ2L. oy/oW ") = d; x dp— BHOIX|Z AF §ORD 0|':'§, HM MK = ¥E Z(d, + de—1
7H)|:||' I‘le‘ol-jl_ W(l) «— W(i) o 6(/)h([_1)7§ I:I|-§ 7HAI_|

(4) Y. 5 70| 2T HE - W 40|22 GPU Z2 W SER0{0] HE2 HE TS, PyTorch-
TensorFlowQ| AIsO|EE AL 31X
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HF o} ALt slA2E NumPy F9:
1-3-2-1 MY

[ = =)




1-3-2-1 MY — ¥

1-3-2-1 MBY0I M Fal 918 HE30] gy/oW) S ZIF ALt (HE i)

- A HOM 5(2) = 22 (o' (2) = 22)

. ?:’EH‘ NE (h(O) :X)7 jglléll-ydata =1
o B U= (o)

+ Ol/OW = 2(y — Ydara) OY/OW

W) gr3x1 W) g R2x3

© 2026 ZFEY - OFZFCHSt L f=Stat |
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SO} A2k oAl (1) — =HOt
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20 =(1,1,-)7T, A =@1,1,)7T, 2@ =(2,-)7T, h® =417, y=25 =3

 _ mp@T _
oo = 0N _(4 1)

- I 24Z: D@ = diag(22'?) = diag(4, —2)

5@ _pOw®Ts® _ (4 01} _ (4
0 —2/\—1 2

ay _<(2) (1)7_ 4 . 4 4 4
i =87h 72(111)7222

© 2026 ZEEN - OFFCHStm +3tnt | 24 B, MHE - A2l 0|8 x|
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LT} AL OA] (3) — AL} X WA) 24

1

1
wo=—|1| wo=(t 0
0o 1 -2

-1
M =@1,1,-1)7, h®=(1,1,1)7, 2 =(@2,-1)T, h® =417, y=3
83 =1, 6@ =(4,2)7T

), W(B) = (1 *1), h(O) =x=21, o’(Z) = 22, O'I(Z) =27

1 0
DM = diag(2z(M) = diag(2,2, —2), we 5@ =g 1 <4>:

2
1 -2
2.0 0\ /4 8 8
1) _ pOw® 52 _ _ W T _
sV =DOW® s =0 2 0 [|2]=|4], Grm=0x"=4
00 -2/ \o 0 0
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D AL oAl (4) — BASHEE Y

1

wi= | 1|, wa= (0% 1) we=(1 -1), y=3 yma=1 n=001
1 0 1 -2

/oW = (8,4,0)T, 9y/oW?) = (444), ay/oW®) = (4 1)

H = (Y — Vgara) > OllM ygara = 10|22, 01/OWE) = 2(y — Yyjara) Oy/OW ) = 49y /OW D)
ASHZE (75 BAA WO — WO _ 5 9/aw© of] he)

wW® (1 —1) —0.04 (4 1) - (0.84 —1.04)

oY Trp

© 2026 ZSEf - OfZ=Cstm 43t |
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D AL oAl (4) — BASHEE Y

1
wh =1 1], w(2)( o w@ _1), V=3, VYaa =1, n=0.01
—1

/oW ™) = (8,4,0)T, ay/oW®?) = (544), ay/oWE) = (4 1)

W® (1 —1) —0.04 (4 1) - (0.84 —1.04)

10 1 4 4 4 0.84 —0.16 0.84
w® —0.04 =
“lo1 2 2 2 2 —0.08 092 —2.08

1 8 0.68
WO | 1| -004]4]=]084
-1 0 -1

wsy 2 J2HCIAETL0. why? (D.LY.)
2 Ao ATty = 0.01 2 AM T 2FO}b y ~ —1.2
- Bk = 0.0010|H y ~ 2.40, 24 4 - 1.9622 Z

T
I r
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DEYHE HH, Z 2 (d, 1) 22Xt HIEZ £H @2t . 77t & & - TX|of| A2 WS

import numpy as np

x = np.array([[1.0]]) # = (1,1)
s = lambda z: z*#*2 # sigma(z) = z"2
ds = lambda z: 2#z # sigma'(z) = 2z
Wi = np.array([[1.0], [1.0], [-1.0]]) # (3,1)
w2 = np.array([[1.0, 0.0, 1.0],

[0.0, 1.0, -2.0]]) #(2,3)
W3 = np.array([[1.0, -1.0]]) # (1,2)
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NumPy ot®d —

HHmoM CHA| XB2 200 h(O 2 BE MZ, . ravel()2 IS X2 BH

z1 = Wl @ x; hl = s(z1)

z2 = W2 @ h1; h2 = s(z2)

y = W3 a h2 # E8E: gMs5tels
print("h1 =", hi.ravel(), " h2 =", h2.ravel(), "y =", y.ravel())

h1 = [1. 1. 1.] h2 = [4. 1.] y = [3.]

ALEAIAL (1)8] KD h(2) yo 22 2
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NumPy 718 — M

Zt Z0| AlAHof|Ale] 8t =0l tH2. np.diag(ds(z2).ravel())0|D®, delta2 @ hi1.T
JHQIE @ pm T

delta3 = np.array([[1.0]]) # dy/dz3 = 1, (1,1)
dw3 = delta3 @ h2.T # (1,2)
D2 = np.diag(ds(z2).ravel()) #(2,2)
delta2 = D2 @ W3.T @ delta3 #(2,1)
dw2 = delta2 @ hi.T #(2,3)
D1 = np.diag(ds(z1).ravel()) # (3,3)
deltal = D1 @ W2.T @ delta2 #(3,1)
dwl = deltal @ x.T # (3,1)

print("delta2 =", delta2.ravel(), " deltal =", deltal.ravel())
print("dy/dw3 =", dw3, "\ndy/dw2 =\n", dw2, "\ndy/dwi =\n", dwi)
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delta2
dy/dw3
dy/dw2
[[4. 4. 4.]
[2. 2. 2.71
dy/dwi =
[[8.]
[4.]
[e.]]

[4.
[[4.

A LAl (2), (3) 2 22 2L Ml J2HC|IES 2 =W

© 2026 ZPEH - OFFCHE W 4~3tat

2. J deltal = [8. 4. 0.]
1.7]
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He| 9.2 — BM AL 2| (universal approximation theorem)

1) gMatet o R — R7F HE0[1 A O] OFL|CHA| O EO|E, tanh, RelU, ELUZt 25
ST,

2) Yokt d, > 10|11 Mo|F Kk ¢ R 7t 2EgH0| ofcl B3l A Eeto|Ct (<
Compact)

3) CHA(BE) &4 : K —» R7} H&84-0|C}

J2{H 2|9 ¢ > 00| i3I

max‘f(x7 0) —fF(X)’ <e

xek
2 UESt= £ d; > 12 O2t0|E 97t EXICt & Fy g, 20l f* b2l Z[Ci @XE7t e 2Ot
Zt2 sk4=71 ULt [Leshno et al., 1993, M2| 1]2.

2Moshe Leshno, Vladimir Ya Lin, Allan Pinkus, and Shimon Schocken. Multilayer feedforward networks with a nonpolynomial activation function can approximate any function.
Neural networks, 6(6), 1993
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ZA 8| P/ =2 HAo

- EE0| HEQl Z2= YR0IC MBSIH B2 ¢, = 10|H F2
2450| o BOFX|H? Z A He| 2H-0M 2 M= OFH: dy-dy-do-10lM A 24 50[ K
?lel St x — x5 FoI5HH o HE|2t 72| 22 0]0f7|
- B2 di+3(=dx+dy+2,RelUE di + 2) 22 1Yt 2HES TO| WOt 2 ZE Kidger

and Lyons [2020]*
- (FAE o) gstels o 71 O RS BHESH=7tof| What 2AF Y| 2atoF EXY
- Cybenko [1989]*: ¥4, lim,—.c0 o (2)
Hornik [1991)°: 10|11 &=} Ot
Leshno et al. [1993]°%: “CtatAl0] Ofl &4 (9 £210]| =)
OIHIOIM £ o(7) = 22 CHIAIO| D2 0] &
MH OHEL, Why?
3Pamck Kidger and Terry Lyons. Universal approximation with deep narrow networks. In Proceedings of the 33rd Conference on Learning Theory (COLT), volume 125 of

Proceedings of Machine Learning Research, pages 2306-2327, 2020
AGeorge Cybenko. Approximation by superpositions of a sigmoidal function. Mathematics of Control, Signals and Systems, 2, 1989

Kurt Hornik. Approximation capabilities of multilayer feedforward networks. Neural Networks, 4(2), 1991
Moshe Leshno, Vladimir Ya Lin, Allan Pinkus, and Shimon Schocken. Multilayer feedforward networks with a nonpolynomial activation function can approximate any function.
Neural networks, 6(6), 1993
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He ata

Ehe

fik=R e

max[f(

:6) € Fyoa,1
o (AT} ZAHYY)
157 (f(x;: 0) — y;)* HlAst

MY — FE | < |HE 2 — MM OI0E | + | A CloE — ASAAY |
2A7hS A 2B (@AY REPEEr stg: ARl
B2 X X 0N [f(xi; 0) — ()| < leil + |vi — f(xi;0)| (&S + && THXl)
- &S H|ofet shE THAL ALO|Q| trade-off 7t &K (CFHS chapter)
- BESHX| A2 X0 M= RHS M 5 glo] RSA0| R FHE FX| 45 (CHS chapter)
- 2N S| et M Zo| flX[= bR 4= UAS (0l: eE TR < TS 4 2AF Y
. At

7z

: Bottou and Bousquet [2007]’, Berner et al. [2022]®

Léon Bottou and Olivier Bousquet. The tradeoffs of large scale learning. In Advances in Neural Information Processing Systems 20 (NeurlPS 2007), pages 161-168, 2007

Julius Berner, Philipp Grohs, Gitta Kutyniok, and Philipp Petersen. The modern mathematics of deep learning. In Philipp Grohs and Gitta Kutyniok, editors, Mathematical Aspects

of Deep Learning, pages 1-111. Cambridge University Press, 2022. arXiv:2105.04026 (2021)
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HEIRE), D)

- ofinte| Uy

diag(o’ (2))
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